Lecture 23: More on Determinants

December 1, 2016 11:52 AM

21.4 Useful properties of determinants

Theorem
Let A and B be nxn matrices.
Then,

i) det(rd) =r"-det(4)

ie.det[_o1 _01]=1 = det[(l) _01]=—1

= det [é ‘1’] = (=D (-1 =1
ii) det(AB) = det(A) - det(B)
iii) det(A) # 0 = A is invertible

in this case

det(4™1) !
e = ——
det(A)
Application
x 0 1
A=10 2 0| Findallx € R suchthat A is not invertible.
1 0 3
(If A is not invertible, the determinant must equal 0)
K 2 0 0 271_ _
det(4) = x det[o 3] +1 det[1 0] =6x—2

det(A) =0 iff 6x—2 =0 iff x=%

1 . . .
Answer: For x = 3 the matrix is not invertible.

22 Eigenvalues and Eigenvectors
3 -1

21.1
Definition
Let A be an nxn matrix.

IfA€ER andx € R",x # 0
such that:
Ax = Ax
then 1 is called an eigenvalue of A and x is called an eigenvector of A.

22.2 How to find the eigenvalues
We want to find all 4 € R such that there is a non-trivial (non-zero) vector x € R" with:
Ax = Ax > Ax = Ax dmh*y

—~ |

SAx—Ax=0 modﬂ(‘x
= (A—ADx =0
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=>A-ADx=0

This is the case iff the homogeneous system (A — AI)x = 0 has a non-trivial solution.

This holds iff A — Al is not invertible.
This holds iff@et(A —A)=0.)

det(A — Al) is called the characteristic polynomial of A.

So, Ais an eigenvalue iff det(4 — AI) = 0.

Example
_[3 -1 o _B-1 -1
A‘[—z 2] A ’U‘[—z 2-21
detA—AH)=B-1)-2—-1)=2
=12-51+4

=1-1D@-4)

A =1and A = 4 are the only roots,
hence the only eigenvalues.
Next step: Find corresponding eigenvectors.

22.3 How to find the corresponding eigenvectors

Eigenvectors are the non-trivial solutions to:
(A-ADx=0

So, we need to compute the null space/kernel of A — Al

Definition
Let 4 be an eigenvalue of A. Then the subspace:
E; = ker(4 — AI)
is called the A-eigenspace. Its non-trivial
elements are eigenvectors corresponding
to A.

In our example:

E; = ker(A — AI) = ker [_22 —11]

=15 31l

In particular, (;) € E;

A=4
E, = ker(A — 4I) = ker [_ _2]

EREI N
R?&}

s={(serf={s- (s}

In particular, (_11) EE,
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In our example:

{(3)} vasis of £,

(1)} pasis of £,

2

In this case, A is diagonazible.

{(1) ’ (_11)} happens to be a basis of R?.
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